Задача о построении выпуклой фигуры вращения, обладающей минимальной площадью поверхности, с заданными ограничениями на ширину by Цветкова, Е.Г.
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H(n) = max
y∈F
(n, y),
 n = (n1, n2, n3) 8 /  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A n1 = cos(θ) sin(ϕ), n2 = sin(θ) sin(ϕ),
n3 = cos(ϕ),Ω = {(ϕ, θ) | θ ∈ [0, 2π], ϕ ∈ [0, π]} 
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 h(θ, ϕ) =
H(cosθsinϕ, sinθsinϕ, cosϕ)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01 0 
 h(θ, ϕ) 	 @
  0    1   Π(n) ]C^
482  3     	  	  ) ? 0 
A F      1       @
A F     A 
   A@
       . ! @ 6 1 ]C^
 &/ &. 7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. 7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. h(θ, ϕ) = H(cosθsinϕ,
sinθsinϕ, cosϕ) +/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(t) ≥ 0, (t)T (t)− σ2(t)  0, t ∈ Ω,

(t) = hϕϕ(t) + h(t), σ(t) =
hϕθ
sinϕ
− cosϕ
sin2ϕ
hθ(t),
T (t) =
hθθ
sin2ϕ
+
cosϕ
sinϕ
hϕ(t) + h(t), t = (ϕ, θ).
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O(F ) =
π∫
0
2π∫
0
[h2(t)− hϕ
2(t)
2
− hθ
2(t)
2sin2ϕ
]sinϕdθdϕ.
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h(0, ϕ) = h(2π, ϕ), h(θ, 0) = h(π + θ, 0) =
D
2
, h(π,
π
2
) = h(0,
π
2
).
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O(F ) = 2π
π∫
0
[h2(ϕ)− hϕ
2(ϕ)
2
]sinϕdϕ,
+. 7$. h(θ, ϕ)  &. &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(
cosϕhϕ
sinϕ
+ h)(hϕϕ + h) ≥ 0,
hϕϕ + h ≥ 0,
Δ ≤ h(ϕ) + h(π + ϕ) ≤ D,
h(0) = h(π) =
D
2
, h(ϕ) = h(2π − ϕ).
2 7$ x1(ϕ) = h(ϕ) + h(−ϕ), x2(ϕ) = x1ϕ(ϕ)  ?6/2 62H
+2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J(x, u) =
π∫
0
[x12(t)− x2
2(t)
2
]sintdt,
x˙1 = x2, x˙2 = −x1 + u, t ∈ [0, π],
x˙2 = −x1 + u, t ∈ [0, π],
u(t) ≥ 0, ..t ∈ [0, π],
Δ ≤ x1 ≤ D, t ∈ [0, π],
x1(τi) ≤ ai, i = 1, N,
x1(0) = x1(π) = D.
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H(t, ξ, y, u) = −ξ21sint +
1
2
ξ22sin(t) + y1ξ2 − y2ξ1 + y2u.
& +$+ 222# +2&( +&
u¯(t) =
{
0, y2(t) < 0,
c ≥ 0, y2(t) = 0,
& y2(t)u(t) = 0, +  t ∈ [0, π].
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ℵ(t, ξ, y) =
{
−ξ21sint + 12ξ22sin(t) + y1ξ2 − y2ξ1, y2(t) ≤ 0,
+∞, y2(t) > 0.
?2 /H f 8 7$H
S(t, ξ) = a(t) + y1(t)ξ1 + y2(t)ξ2 + ψ1(t)ξ21 + ψ2(t)ξ
2
2 + ψ3ξ1ξ2,
 a(t), yi(t), i = 1, 2, 8 /8+  6 [0, π] 7$# # /
Λ(t, ξ) := St(t, ξ) + ℵ(t, ξ, Sξ(t, ξ)) ≤ 0.
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Sξ1(t, ξ) = y1 + Dψ1ξ1 + ψ3ξ2,
Sξ2(t, ξ) = y2 + 2ψ2ξ2 + ψ3ξ1,
St = a′ + y′1ξ1 + y
′
2ξ2 + ψ
′
1ξ
2
1 + ψ
′
2ξ
2
2 + ψ
′
3ξ1ξ2
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Λ(t, ξ) = (ψ′1 − sint− ψ3)ξ21 + (ψ′2 +
1
2
sint + ψ3)ξ22 + (y
′
1 − y2)ξ1+
+(y′2 + y1 + (2ψ1 − 2ψ2 + ψ′3)ξ1)ξ2 + a′ ≤ 0.
 +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  x(t) &1 +&.(.  2&( 8
5? Λ(t, x(t)) = 0 
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t ∈ [0, π]A
Λ(t, ξ) → sup,
Δ ≤ ξ1 ≤ D,
ξ1(τi) ≤ ai, i = 1, N.
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L = −Λ(t, ξ) + μ(t)(ξ1 −D) + ν(t)(Δ − ξ1) +
N∑
i=1
λi(ξ1(τi)− ai).
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∂L
∂ξ1
= −Λξ1(t, x(t)) + μ(t)− ν(t) +
N∑
i=1
λi = 0,
∂L
∂ξ1
= −Λξ1(t, x(t)) = 0;
D" & $&(  &. 6A
μ(t) ≥ 0, ν(t) ≥ 0;
@" &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.H- 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μ(t)(ξ1 −D) = 0,
ν(t)(Δ− ξ1) = 0,
λi(ξ1(τi)− ai) = 0.
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∂L
∂ξ1
= −2(ψ′1 − sint− ψ3)ξ1 − y′1 + y2 − (2ψ1 − 2ψ2 + ψ′3)ξ2 + μ(t)− ν(t) +
N∑
i=1
λi,
∂L
∂ξ2
= −2(ψ′2 +
1
2
sint + ψ3)ξ2 − y′2 − y1 − (2ψ1 − 2ψ2 + ψ′3)ξ1,
?02 &. +2&( +2 &H- A
2(ψ′1 − sint− ψ3)ξ1 + y′1 − y2 + (2ψ1 − 2ψ2 + ψ′3)ξ2 − μ(t) + ν(t)−
N∑
i=1
λi = 0,
2(ψ′2 +
1
2
sint + ψ3)ξ2 + y′2 + y1 + (2ψ1 − 2ψ2 + ψ′3)ξ1 = 0,
μ(t)(ξ1 −D) = 0,
ν(t)(Δ− ξ1) = 0,
λi(ξ1(τi)− ai) = 0,
μ(t) ≥ 0, ν(t) ≥ 0.
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Λ(t, ξ) = −(ψ′1 − sint− ψ3)ξ21 − (2ψ1 − 2ψ2 + ψ′3)ξ1ξ2−
−(ψ′2 +
1
2
sint + ψ3)ξ22 + (μ(t) − ν(t) +
N∑
i=1
λi(t))ξ1.
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 Λ(t, ξ) M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. +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A{
Λξ1ξ1Λξ2ξ2 − Λξ1ξ2Λξ2ξ1 ≥ 0,
Λξ1ξ1 < 0 & Λξ2ξ2 < 0.
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Λξ1ξ1 = −(ψ′1 − sint− ψ3),Λξ1ξ2 = −(2ψ1 − 2ψ2 + ψ′3),
Λξ2ξ2 = −2(ψ′2 + 12sint + ψ3)
+&/2 &H- &.A
4(ψ
′
1 − sint− ψ3)(ψ
′
2 +
1
2
sint + ψ3)− (2ψ1 − 2ψ2 + ψ′3)2 ≥ 0,
− (ψ′1 − sint− ψ3) < 0 & − 2(ψ
′
2 +
1
2
sint + ψ3) < 0.
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$  ψ1(t) = 12cost+
1−2D
4D , ψ2(t) =
1
2cost+
1−2D
4D , ψ3(t) = 0 & H
&(# M 6/# / Λ(t, ξ)  +&1&( 
 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22 Λ(t, ξ) +-.  & +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8
  /0 77$2 7$ yi(t), i = 1, 2  /2 +&/0
9 &. ψi(t), i = 1, 3 M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A
y′1 = y2 + x1sint + μ(t)− ν(t) +
N∑
i=1
λi;
y′2 = −y1;
μ(t) ≥ 0, ν(t) ≥ 0, λi(t) ≥ 0, i = ¯1, N ;
μ(t)(x1 −D) = 0, ν(t)(Δ− x1) = 0, λi(x1(τi)− ai) = 0, i = 1, N.
22  7$&
L(S) := inf
ξ(t)∈Q
[S(π, ξ(π)) − S(0, ξ(0)) +
∑
k
(S(tk − 0, ξ(tk))− S(tk + 0, ξ(tk)))],
   
  $ <EE
 tk 8 / 621 6 7$  S(t, ξ)# &H/. $
/ 6 0  π  21
Q = (ξ(t) ∈ KC[0,π] | Δ ≤ ξ1 ≤ D, t ∈ [0, π], ξ1(0) = ξ1(π) = D, ξ1(τi) ≤ ai, i = 1, N).
 2    # &. # /? 2& 2 8
 L(S) = J(x, u)# ?02 +& &H-0 &A
1)ℵ(t, x(t), Sξ(t, x(t)) = H(t, x(t), u(t), Sξ(t, x(t)), +  t ∈ [0, π];
2)St(t, x(t)) + ℵ(t, x(t), Sξ(t, x(t)) = 0, +  t ∈ [0, π].
 +2&(2 +$ . 222 7$&
L(S) := S(π, ξ(π)) − S(0, ξ(0)) +
∑
k
(S(tk − 0, ξ(tk))− S(tk + 0, ξ(tk))).
22 6/ 226$ 7$
F (ξ(tk)) := a(π) + y1(π)ξ1(π) + y2(π)ξ2(π) + (
1
4D
− 1)ξ21(π) + (
1
4D
− 1)ξ22(π)− a(0)−
−y1(0)ξ1(0)−y2(0)ξ2(0)− 14Dξ
2
1(0)−
1
4D
ξ22(0)+
∑
k
(a(tk−0)−a(tk+0)+ξ1(tk)(y1(tk−
−0)− y1(tk + 0)) + ξ2(tk)(y2(tk − 0)− y2(tk + 0)))ξi(tk), i = 1, 2,
&.H- 2A
Δ ≤ ξ1(tk) ≤ D, ξ1(τi) ≤ ai, i = 1, N.
:$. F (ξ(tk)) 6  6/ ξ1(tk), ξ2(tk), ξ1(0), ξ2(0), ξ1(π), ξ2(π). )8
22 F (ξ(tk)) .  6/.0 ξi(tk) = xi(tk), i = 1, 2.
22 2 21& '1  6/ 226$
F (ξ(tk)) → inf,
Δ ≤ ξ1(tk) ≤ D.
L = F (ξ(tk)) +
∑
k
νk(Δ− ξ1(tk)) +
∑
k
μk(ξ1(tk)−D) +
N∑
i=1
λi(ξ1(τi)− ai).
02 ?02 &. +2&(A
∂L
∂ξ1(tk)
= y1(tk − 0)− y1(tk + 0) + μk(t)− νk(t) + λk(t) = 0,
∂L
∂ξ2(tk)
= y2(tk − 0)− y2(tk + 0) = 0,
<EF 	
 
∂L
∂ξ1(0)
= −y1(0)− 12Dξ1(0) = 0,
∂L
∂ξ2(0)
= −y2(0)− 12Dξ2(0) = 0,
∂L
∂ξ1(π)
= y1(π) + (
1
2D
− 2)ξ1(π) = 0,
∂L
∂ξ2(π)
= y2(π) + (
1
2D
− 2)ξ2(π) = 0,
μk(tk)(ξ1(tk)−D) = 0, νk(tk)(Δ − ξ1(tk)) = 0, λi(ξ1(τi)− ai) = 0, 1, N,
μk ≥ 0, νk ≥ 0, λk ≥ 0.
?02 &. 222 +6&.H +&/( & / 7$
 S(t, ξ)  +2&(2 +$ ξ(t)A
y1(tk − 0)− y1(tk + 0) + μk(t)− νk(t) + λk(t) = 0,
y2(tk − 0)− y2(tk + 0) = 0,
y1(0) = − 12Dξ1(0),
y2(0) = − 12Dξ2(0),
y1(π) = (2− 12D )ξ1(π),
y2(π) = (2− 12D )ξ2(π),
μk(tk)(ξ1(tk)−D) = 0, νk(tk)(Δ − ξ1(tk)) = 0, λi(ξ1(τi)− ai) = 0, 1, N,
μk ≥ 0, νk ≥ 0, λk ≥ 0.
 2 ?62# 7$. y2(t) +  ?& +&. +(
7$ y1(t) 21 9(. &(  0 /0#  x1(t) = D & x1(t) = Δ#
 1  /0 τi 
 +2&(  
2 +2&(H H  / x1(τi) ≤ ai, i = 1, N  
< ( μ(t) > 0  2 6 6 ?& +&.   ν(t) =
0, x1(t) = D,u(t) = D, y2(t) = 0, y1(t) = 0 &&(# μ(t) = −Dsint  ?8
& +&.    +&.. / +6#
/ /  +  +2&(   +H 
D ( ν(t) > 0  2 6 6 ?& +&.   μ(t) =
0, x1(t) = Δ, u(t) = Δ, y2(t) = 0, y1(t) = 0 &&(# ν(t) = Δsint  
/ 621 + t = 0, t = π  &(. +  
+& +6# /  / +2 
+2. 2/ 2& 76 +2# 02# /  M2 8
& +. 7$. +. 2/ M  /
   
  $ <E=
$ +& 7 9 Δ# -H-.  +  #
+0.- /6 $ 22 7 
@ ( μ(t) = ν(t) = 0 &&(# y′1 − y2 − x1sint = 0, y′2 + y1 = 0.
( y2 = 0   u = 0 
 2/ / 6. M 6/# / $ 1  28
22 / .&.. 62 	# 2 &. +8
2&(. .# 2 A x′′1 (t) + x1(t) = 0#  92 .&.. 7$.
x1(t) = Acost + Bsint 
 2 ?62# +2&( 9 6/ +2 A
& 0 ≤ t ≤ α#  x1(t) = Dcost, u(t) = 0#
y2(t) = −Δ3D2 sint+ 12Dsin2t− sin2αcost
& α < t ≤ π − α#  x1(t) = Δ, u(t) = Δ, y2(t) = 0#
& π − α < t ≤ π#  x1(t) = −Dcost, u(t) = 0#
y2(t) = −Δ3D2 sint− 12Dsin2t+ sin2αcost
x1(
π
2
+ τ) = x1(
π
2
− τ),
u(
π
2
+ τ) = u(
π
2
− τ), p2(
π
2
+ τ) = p2(
π
2
− τ), τ ∈ [0, π];
x2(t) = x1′(t),
y1(t) = −y′2(t), t = α, π − α, α = arccos(
Δ
D
).
:$. x2(t)  .&.. + + t = α  t = π − α 
 0 < 8 F +& 7 20 7$ ..# +&8
.# +.10 7$   2 7  
 2/ / 6. +&/ 6&( 6/# /  0
+&0 7 -.  62 /.2  9 22&(
+&-(H +0 ?& . 7# / # +0.- /8
6 ( -.# + t ∈ [α, π−α] 2 +.H 9 Δ#  + 0 0
6/.0 8  6#  &H  / +& 7 +.8
 9# .&.H-. $&(2 /2 2 +0 -.#
21 6.( # &( &&   22  +& 7 .8
&..  
Δ
2 # +&1 21 2. 2 2#
9 0 0..  .
D
2  $ #  /8
H-  &/ H.  &-( +0 +&/ 7
S(F )min = π2 (
Δ3
D + ΔD) 
 2 6/ 92 .&.. 226H-. +&&(8
(# 0.-.. + 2  x(t) :$. x1k(t) +&/. &12 78
$ x1(t)  .0 / t = α  t = π − α :
x1
k = αk(t− α− 1
k
)2 + Δ, t ∈ [βk, α + 1
k
],
<EC 	
 
  6	) )  x1(t)
  6	) )  x2(t)
   
  $ <EJ
 1 6	) )  y1(t)
  6	) )  y2(t)
<F> 	
 
 - 6	) )  u(t)
  * 0 )"%
   
  $ <F<
x1
k = x1(t), t ∈ [0, π2 ]\[βk, α +
1
k
],
x1
k(π2 + τ) = x1
k(π2 − τ), x2k(t) = x˙k1(t), k = 1, 2, ..., + M2 limk→∞ βk = α 
4%&<  68'6:8$
m<n    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  2 &. 9.  M8
2&( 6/ 2  2/ +  7$ 
21 &# <JCE 
mDn ,&.   # 5&2  ) +& 7 ) A # <JE< 
m@n ,6   # :0&(   . +&0 & ,&# <J@B 
mBn 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 +& 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 22&( +8
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2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